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Gaussian Boson sampling (GBS) has emerged as a promising platform
for demonstrating quantum computational advantage. Here, we ap-
ply GBS to address classically intractable graph problems in financial
security. We demonstrate algorithms for: (1) Community structure
analysis for market anomaly screening; (2) Synthetic identity fraud
detection via hierarchical dense subgraph identification; (3) Collu-
sive stock manipulation detection through clique enumeration; and
(4) Anti-money laundering through isomorphic subgraph matching.
Notably, we design non-universal time-domain-multiplexed photonic
quantum circuits to effectively map these GBS-based algorithms with
a quadratic reduction in hardware complexity, achieving over 99 %
fidelity in fitting the target unitary matrix. This spatial-temporal hy-
brid architecture and a hardware-algorithm co-design framework es-
tablish a promising approach to complex financial graph analytics.
Our work bridges the fields of quantum computing and finance, high-
lighting GBS as a near-term solution to critical industry challenges.

Financial systems globally face escalating threats from money laun-
dering (ML), a sophisticated criminal practice where illicit proceeds are
concealed, disguised, and converted to obscure their unlawful origins,
thereby integrating them into the formal economic system as seemingly
legitimate funds . ML operations are typically orchestrated by organized
syndicates, characterized by covert and intricate tactics. Perpetrators ex-
ploit multiple identities and accounts to execute transactions, with their
methods evolving continuously to evade detection. These activities often
follow a hierarchical structure corresponding to the three-stage laundering
process: placement, layering, and integration. Despite extensive efforts,
traditional anti-money laundering (AML) frameworks > struggle to detect
such patterns effectively. Rule-based systems, reliant on expert experience,
suffer from severe inefficiencies in manual review, leading to frequent is-
sues of missed reports, false positives, and delayed alerts, which hinder
the automatic identification of potential ML features in massive transac-
tion datasets. Supervised machine learning models, while promising, de-
pend on high-quality labeled samples, yet the scarcity of blacklist samples
(compared to normal samples) in practice results in severe class imbal-
ance, compromising model accuracy *. Community detection algorithms
in graph computing #, a key method for identifying ML syndicates by rec-
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ognizing densely connected subgraphs with sparse external connections,
struggle with high time complexity in processing complex, irregular fi-
nancial transaction networks, failing to meet the accuracy and real-time
requirements of AML detection.

The computational intractability of these financial problems is rooted
in their NP-hard nature. It is precisely this class of challenges that quantum
computing has the potential to address. Quantum computing has evolved
from a theoretical concept to an experimental reality, with quantum advan-
tage now demonstrated in specific computational tasks >''. Among these,
sampling problems such as Boson sampling present formidable challenges
to classical simulators 2, yet can be efficiently implemented on photonic
processors. As an enhanced variant, Gaussian Boson sampling (GBS) uti-
lizes squeezed states instead of single photons, offering greater scalabil-
ity *. Recent breakthroughs *!! have established GBS as a leading plat-
form for quantum computational advantage and confirmed that time-bin
encoding with time-delay interferometers provides critical scalability by
resource-efficient mode multiplexing, though achieving large-scale uni-
versal programmability remains limited under realistic loss constraints.
This technological progress has stimulated GBS applications in graph the-
ory '3 particularly for NP-hard problems like dense subgraph identifica-
tion '*'® and maximum clique detection '**°. Meanwhile, more advanced
classical algorithms continue to emerge, improving the efficiency of GBS
simulations and solving graph problems—some even challenging the evi-
dence of quantum advantage in noisy near-term devices. Specifically, Oh
et al. introduced a quantum-inspired classical algorithm for graph prob-
lems, utilizing a distribution that can be efficiently sampled by two-photon
Boson sampling 2'. Furthermore, they employed a tensor-network-based
method to effectively simulate lossy GBS, challenging the claims of quan-
tum advantage established in previous experiments 2. Recently, Zhang et
al. proposed a double-loop variant of Glauber dynamics was proposed to
sample from GBS distributions on unweighted graphs, proving it mixes in
polynomial time on dense graphs 2. As a result, the boundary of quantum
advantage is continuously being reshaped by these experimental and theo-
retical advances. Despite rapid progress in the field, however, the potential
of GBS for financial graph analytics—where massive transaction networks
demand real-time analysis of combinatorially complex patterns—remains
largely unexplored.

Here, we establish a co-design framework connecting GBS algorithms
to time-domain-multiplexed (TDM) photonic hardware. While our TDM
architectures sacrifice universality for scalability, we demonstrate that fi-
nancial graph problems could be solved with non-universal, albeit pro-
grammable time-delay interferometers. In this work, we: (i) develop
novel GBS-based algorithms targeting critical financial fraud scenarios—
community structure analysis and synthetic identity fraud via dense sub-
graph detection, collusion screening via clique enumeration, and AML
through isomorphic subgraph matching; (ii) propose an efficient spatial-
temporal hybrid architecture, designed for scalability, to balance circuit
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Figure 1 | Workflow of GBS-based algorithms for solving financial graph problems. Our methodology consists of three sequential stages: pre-processing,
GBS encoding and sampling, and post-processing. Initially, transaction data is converted into a graph representation, generating an adjacency matrix. This matrix is
then encoded onto a GBS device, and repeated sampling of the output state produces a probability distribution. Finally, this distribution undergoes post-processing
to identify dense subgraphs whose structures are strongly correlated with fraudulent financial activities.

expressiveness with hardware implementation friendliness; and (iii) vali-
date the effectiveness of this architecture in solving the targeted financial
graph problems through numerical simulations leveraging DeepQuantum,
a PyTorch-based software platform for quantum machine learning and
photonic quantum computing >*. This synergy between problem-aware al-
gorithms and hardware-aware mappings positions GBS as a highly promis-
ing near-term candidate for tackling computationally intractable problems
in financial network analytics.

The workflow of GBS-based algorithms for fraud detection is executed
in three distinct stages, as outlined in Fig. 1. The first stage involves pre-
processing the financial data, wherein the data is modeled as a graph and
its adjacency matrix is computed. In the second stage, the adjacency ma-
trix is encoded to a GBS device by tuning the squeezing and interferometer
parameters (see Methods for more details). Sampling the device outputs a
probability distribution of potential subgraphs. The final stage consists of
post-processing this probability distribution to isolate and identify anoma-
lous subgraphs that are patterns of financial fraud scenarios.

We demonstrate the efficiency of our GBS-based algorithms by ap-
plying them to the detection of four distinct types of fraudulent financial
activities. Community structure analysis aims to identify groups of nodes
that are more densely connected internally than to the rest of the network.
Classical approaches include the Girvan-Newman algorithm based on edge
betweenness 2, as well as the Louvain and Leiden methods that efficiently
maximize modularity for large-scale networks 2°. In the financial area,
such structures are often red flags for coordinated illicit activity. For in-
stance, a hidden community might represent a group of colluding traders,
or an insurance fraud scheme. Synthetic identity fraud is often perpetrated
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by linking new, synthetic accounts to stolen, legitimate Personally Identifi-
able Information (PII) like addresses or phone numbers. When modeled as
a bipartite graph representation connecting accounts to PII, the fraudulent
collusion naturally emerges as highly dense subgraphs 2’. A representa-
tive classical method for dense subgraph detection is Charikar’s greedy
peeling algorithm 2, which offers an approximated solution in polynomial
time. For exact solutions, Goldberg’s max-flow-based formulation pro-
vides a theoretically optimal approach *. Collusion screening refers to
stock market manipulation by fraudulent trades in a transaction network
where traders are nodes. Such collusion often manifests as the forma-
tion of cliques. As noted in ref. *°, manipulated trading networks tend to
exhibit a higher number of cliques. The classical Bron-Kerbosch algo-
rithm uses depth-first expansion of candidate sets to enumerate all max-
imal cliques 3'. The Carraghan-Pardalos branch-and-bound algorithm is
another widely adopted exact method for maximum clique search 2. AML
focuses on identifying specific, predefined transaction patterns or typolo-
gies that indicate illegal money flows in the transactional datasets graph.
Unlike the previous scenarios that rely on finding generic dense subgraphs,
detecting these anomalies requires isomorphic subgraph matching **. Ull-
mann’s classic backtracking algorithm with matrix-based pruning laid the
foundation for the early research **. Subsequently, the VF2 algorithm in-
troduced more restrictive feasibility rules, achieving substantial practical
efficiency *°.

Most classical methods suffer from severe search-space explosion on
large graph problems. However, the GBS-based algorithm naturally high-

lights structurally dense and pattern-rich regions of the graph, this bias of-
fers an effective way to pre-select promising candidate subgraphs, thereby
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Figure 2 | Detection of four types of fraudulent financial activities with GBS-based algorithms. a, Community structure analysis. The upper part visualizes a
financial network with four distinct communities detected by our GBS-based algorithm. The bar chart below demonstrates a strong correlation between the intrinsic
graph density of each community (green bars) and the GBS detection probability (blue bars). The shaded bars provide a statistical baseline for comparison, showing
the average density and probability expected from 10,000 randomly sampled 4-node and 6-node subgraphs, respectively. b, Synthetic Identity Fraud Detection.
Our GBS-based algorithm identifies the densest subgraphs of sizes 6, 8, and 10 (highlighted in teal) in a bipartite graph. The corresponding bar chart (lower right)
confirms that the GBS probability (blue) serves as an effective proxy for graph density (green), enabling the efficient identification of fraudulent collusion. c,
Clique-based Collusion Detection. The upper part shows the full network graph with the largest detected 7-node clique highlighted in teal, pinpointing a highly
suspicious group of colluding traders; the lower bar chart shows the number of cliques of sizes 47 found by GBS in the trading network. d, AML via Isomorphic
Subgraph Matching. The upper left part is a predefined 6-node cycle pattern for AML detection, and the upper right part displays two isomorphic subgraphs
identified in the 20-node target graph. A direct comparison of raw GBS probabilities (lower left bar chart) is insufficient for matching. However, comparing the

underlying Hafnian values (lower right bar chart) provides a true structural fingerprint.

significantly reducing the search space for the graph problem. The com-
munity structure analysis, synthetic identity fraud detection, and collusion
screening scenarios are characterized by abnormal dense subgraph detec-
tion. Theoretical '® and experimental *® works demonstrate that the Haf-
nian of a graph’s adjacency matrix, which is equal to the number of perfect
matchings in the graph, serves as a quantitative link to graph density. This
correlation allows us to leverage statistical outcomes of GBS to identify
dense patterns within financial networks, as illustrated in Fig. 2. In Fig. 2a,
we present GBS-enhanced community detection results, where the GBS
probability for each of the four detected communities clearly correlates
with its graph density. Notably, the densities and probabilities of these
communities are significantly higher than the statistical baseline (shaded
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bars) established from randomly sampled subgraphs. In Fig. 2b, the GBS
probability again serves as a reliable proxy for identifying the densest sub-
graphs with 6, 8, and 10 nodes in the synthetic identity task. As for col-
lusion detection tasks, GBS efficiently identifies 36 four-node cliques, 28
five-node cliques, 7 six-node cliques, and 1 seven-node clique in Fig. 2c,
which are strong indicators of coordinated stock market manipulation. For
AML detection, our approach employs isomorphic subgraph matching as
introduced in ref. *’. While two isomorphic graphs produce identical sub-
graph probabilities under GBS, the observed probability distribution of a
subgraph embedded within a larger graph differs from its isolated sam-
pling probability distribution due to a scaling factor. Crucially, however,
their Hafnian values remain identical despite this scaling disparity. This
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necessitates a more sophisticated matching protocol than direct probabil-
ity comparison. Our detection workflow comprises: (1) Pre-compute the
Hafnian-scaled probabilistic signature of a known anomalous graph (e.g.,
cycle graph or money-laundering typology); (2) Perform GBS on the target
transaction graph; (3) Identify fraudulent subgraphs by matching Hafnian-
based signatures against pre-computed patterns, thereby efficiently filter-
ing non-isomorphic candidates. As demonstrated in Fig. 2d, this GBS-
based algorithm successfully located two 6-node cycle subgraphs isomor-
phic to the pattern graph. Notably, all exhibited identical Hafnian values
(confirming isomorphism) despite variations in their detection probabili-
ties.

a b

Universal Spatial Architecture Universal Temporal Architecture

N-1

C
Spatial-Temporal Hybrid Architecture

xN

H314IHS ISVHd
AV13d 3NIL
AV13d INIL

H314IHS 3SVHd

Figure 3 | Different architectures of programmable photonic circuits. a,
Spatial Clements architecture for implementing arbitrary unitary transforma-
tions. b, Temporal chain-loop architecture for implementing arbitrary unitary
transformations. ¢, The spatial-temporal hybrid architecture proposed in this
work, implementing unitary transformations by integrating spatial and temporal
blocks in an iterative pattern.

While the proposed GBS algorithms theoretically provide powerful
solutions for tackling the scale and complexity inherent in real-world fi-
nancial graph problems, their practical implementation on near-term pho-
tonic quantum systems faces a significant challenge: scaling the hard-
ware to efficiently map and execute these algorithms on graphs of rele-
vant size. To bridge this gap between algorithmic potential and hardware
limitations, we propose an efficient hybrid architecture and a co-design
framework. Specifically, scaling GBS hardware to the required number
of optical modes (V) for practical financial graphs presents fundamen-
tal challenges in mitigating optical loss and achieving full reconfigurabil-
ity. Conventionally, programmable photonic circuits are realized as spatial
multi-port interferometers ***°, constructed from a mesh of beam splitters
and phase shifters. For instance, the Clements architecture implements
arbitrary unitary transformations on an N-mode input state (Fig. 3a). De-
spite its powerful expressivity, the Clements architecture exhibits a critical
scaling limitation: the depth scales linearly with the number of modes,
and the number of programmable elements scales quadratically. This scal-
ing presents a significant bottleneck, rendering large-scale implementa-
tions with substantial hardware overhead, even on integrated photonic plat-
forms.
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To overcome the scalability limitations inherent in such spatial archi-
tectures, alternative designs that exploit temporal multiplexing have been
developed. Encoding information in photonic time bins allows for a sig-
nificant reduction in the physical component count while preserving full
programmability. A prominent architecture in this domain utilizes a se-
ries of optical delay lines to time-multiplex a small set of optical com-
ponents %42 as shown in Fig. 3b. The construction of an arbitrary
N X N linear transformation, however, requires the optical signal to per-
form O(N) passes through the whole circuit.

In this work, we present a novel TDM circuit architecture, as illustrated
in Fig. 3c, that is designed to achieve both O(v/N) width and O(v/N)
depth, targeting a substantial reduction in hardware complexity. This hy-
brid architecture strategically integrates spatial (e.g., shallow interferom-
eter layers) and temporal blocks (e.g., optical delay loops) in an iterative
pattern. The initial and final phase shifter layers enable flexible phase
adjustment column-wise and row-wise in the target unitary matrix. By
reusing a small spatial circuit over time, it overcomes the non-scalability of
pure spatial Clements. Furthermore, by processing multiple spatial modes
in parallel at each timestep, the architecture requires fewer passes and less
overall computation time than purely temporal schemes. This architecture
can be configured to implement unitary transformations through sequen-
tially applying distinct spatial operations at each timestep.

This favorable quadratic reduction is achieved at the cost of univer-
sality. However, we demonstrate that the architecture enables efficient en-
coding of target graphs while yielding output probability distributions with
sufficient fidelity for solution extraction. Critically, we implement a co-
design paradigm where: (i) Algorithm-hardware mapping employs auto-
matic differentiation with gradient-based optimization to fit target unitaries
while exploring optimal time-domain subspaces of TDM circuits; and (ii)
Circuit design is tailored to specific problem structures for enhanced fitting
performance.

To validate this approach, we benchmark our architecture on a practi-
cal task: fitting the 20 x 20 unitary matrix U derived from the adjacency
matrix A of a collusive stock manipulation graph. For this 20-node prob-
lem, we implement the specific architecture with 4 spatial blocks (each
implemented as two-layer alternating Mach-Zehnder interferometer (MZI)
meshes) and 5 temporal blocks (each containing one layer of delay loops
with n, = 1). We use fidelity to evaluate the fitting performance of the
designed TDM circuit with different timesteps (see Methods for more de-
tails). For comparison, we also present the results of simplified TDM cir-
cuits with 1-3 spatial modes. The best fidelities of each timestep are shown
in Fig. 4a. The performance clearly degrades as the number of modes de-
creases. The 4-mode TDM circuit achieves the best performance, reach-
ing a peak fidelity of over 0.99, showing the strong capability for fitting
the target unitary matrix. However, the fidelity reached saturation with
the increasing timestep. Since the periodic structure is added with more
timesteps, the circuit has reached the optimal performance limit for the
large timestep. In Fig. 4b, we show the fitted 20 X 20 unitary matrix em-
bedded in the global unitary matrix using the 4-mode TDM circuit with a
timestep equal to 10, as highlighted by the red box. The evolution of the
TDM circuits results in a global circuit with 60 modes, including 40 phys-
ical modes and 20 modes in delay loops. The column indices 5, 11, 17,
and 23 to 39 indicate the input position of the squeezed light, and the row
indices 40 to 59 indicate the detected output position of the global circuit.

To demonstrate a practical application, we then use our best TDM cir-
cuit to solve a 6-node clique-finding problem on the given 20-node graph.
We need to pick the Fock states containing 6 single photons out of 20
modes (38760 in total), then sample from the GBS device and choose those
states with high probabilities. Fig. 4c compares the output probability dis-
tribution from the spatial GBS implementation (blue bars) with our TDM
GBS (green bars). We show 50 output states with the highest probabilities,
sorted in descending order according to the ideal case. For the ideal spatial
GBS, it is evident to see that the first 7 states, corresponding to the graph’s
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Figure 4 | Fitting the target unitary matrix with TDM circuits and the GBS probability distribution comparison. a, Fidelity of unitary matrix fitting. The
fidelity for fitting a target 20 X 20 unitary matrix is plotted as a function of TDM circuit depth (# of modes X # of timesteps) for four different TDM circuit
configurations. The 4-mode circuit demonstrates the capability of fitting 20 X 20 unitary matrix, reaching a peak fidelity of 0.9908 with 10 timesteps. b, Global
unitary matrix and the fitted unitary matrix visualization. The absolute values of the global unitary matrix generated by the 4-mode TDM circuit are displayed. The
fitted 20 X 20 unitary transformation is embedded within this larger matrix, as highlighted by the red box, illustrating how the desired input and output operation
is realized within the unrolled TDM circuit evolution. ¢, GBS probability distribution for clique finding. This plot compares the output probability distributions
for a 6-node clique-finding problem on a 20-node graph. The probabilities for the top-50 output states are shown, sorted according to the ideal case. The blue bars
represent the ideal distribution from a fully spatial 20-mode GBS device. The green bars show the distribution from our 4-mode TDM circuit with a timestep equal
to 10. Due to the similar probability distribution, the same 7 states corresponding to cliques are still identifiable with our TDM GBS.

circuit, which causes variations in the output probabilities for these states,
the overall probability distribution shows a strong resemblance to the ideal

seven actual 6-node cliques, share a uniformly high probability of approx-
imately 5 x 10~%. Despite of imperfect unitary mapping of the TDM
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one. Crucially, the same 7 states corresponding to cliques are still identi-
fiable due to their high relative probabilities. By deliberately trading off
universality for scalability and tailoring the circuit design to the problem
structure, we show that a compact 4-mode TDM circuit can accurately em-
ulate a full 20-mode unitary transformation—effectively bridging the gap
between spatially constrained hardware and real-world problem sizes.

Furthermore, as optical loss is a critical factor limiting fidelity in cur-
rent imperfect devices, our architecture is expected to maintain higher per-
formance compared to deeper universal designs. To validate the statement,
we evaluated the robustness of these two architectures against optical loss
by conducting a noise analysis using three different matrix sizes: 36 x 36,
64 x 64 and 100x 100. For the spatial Clements architecture, we assumed a
homogeneous transmittance for each MZI. For our spatial-temporal hybrid
architecture, we additionally incorporated the loss from the delay loop, us-
ing the same transmittance value. Its lossless fidelity is obtained by a 1000-
step optimization. To ensure statistical reliability, we randomly generated
10 different unitary matrices and averaged the performance for each matrix
size. The comparative results are presented in Fig.5. The results clearly in-
dicate that our spatial-temporal hybrid architecture maintains significantly
higher fidelity with increasing optical loss, demonstrating superior robust-
ness compared to the spatial Clements mesh.

These results strongly suggest that such a co-design framework and
hybrid architecture make it possible to tackle large-scale graph problems
on near-term non-universal photonic quantum devices with limited spatial
modes. To scale our approach for larger problems, it is essential to en-
sure sufficient parameterization in the circuit for high-fidelity unitary ap-
proximation. The fitting complexity of a target unitary can be diagnosed,
for instance, by performing a Clements decomposition and evaluating the
number of internal phase shifters with angles close to m—indicating MZIs
operating near the bar state. If the initial fitting is inadequate, the architec-
ture’s spatial and temporal blocks can be adaptively reconfigured, such as
by adding more MZI layers within the spatial blocks.

In summary, this work establishes a co-design framework that con-
nects GBS algorithms with scalable TDM photonic hardware to address
computationally intractable graph problems critical to financial security.
We demonstrated GBS-based algorithms targeting key financial fraud sce-
narios: community structure analysis for market anomaly screening, syn-
thetic identity fraud detection via hierarchical dense subgraph identifica-
tion, collusive stock manipulation detection through clique enumeration,
and anti-money laundering via isomorphic subgraph matching. Crucially,
we proposed and validated an efficient spatial-temporal hybrid photonic
architecture, leveraging programmable time-delay interferometers. This
architecture, designed for scalability by sacrificing universality, achieves
an effective balance between expressiveness and hardware friendliness.
Numerical simulations using the DeepQuantum framework demonstrated
the effectiveness of this approach, achieving over 99% fidelity in fitting
a target 20 x 20 unitary matrix. Scaling this approach to larger prob-
lems represents a natural and critical future direction, one that will de-
mand more powerful quantum devices and greater classical computational
resources. Nonetheless, by bridging quantum algorithm design and hard-
ware mapping, this work positions GBS as a highly promising near-term
quantum platform for tackling complex financial network analytics chal-
lenges, paving the way for practical quantum advantage in finance.

METHODS

Datasets Given the proprietary and confidential nature of real-world financial
data, this study employs synthetic and small-scale graph datasets for method
validation and illustration. In Fig. 2a, the corresponding graph is synthetically
generated. In this graph, each node can be interpreted as a bank account, and
each edge represents a transaction between two accounts. Four distinct com-
munities indicate groups of accounts with frequent internal transactions in a
larger financial network. In Fig. 2b, a 20-node subgraph containing hierarchi-

CHIP | VOL 1 | SPRING 2022

Jin, X.-M. et al.,

cal dense subgraphs is selected from the financial network dataset presented in
ref. 27. The original dataset is constructed as a bipartite graph with account
nodes and PII nodes (e.g., email or physical address). An edge indicates that
an account is associated with a specific PII. From the constructed graph, a sub-
graph with 29,851 account nodes and 61,159 PII nodes is used in ref. 27 In
Fig. 2c, the corresponding graph is synthetically generated to simulate the ma-
nipulated stock market transaction. Each node represents an investor in the stock
market, and the edge represents the highly correlated trading behaviors between
two investors. The small, fully connected subgraphs are strong topological in-
dicators of coordinated group activity and potential market manipulation. In
ref. 33, the synthetic banking transaction dataset is created using the AMLSim
multi-agent simulator ** with nodes n € {8, 16, 32, 64, 128} x 103, containing
seven known money laundering topologies such as cycle, fan-in, and fan-out. To
give a simple demonstration of AML via isomorphic subgraph matching, we ex-
tract a 20-node subgraph containing a 6-node cycle from the dataset with 8,000
nodes, as shown in Fig. 2d. In Fig. 4, the encoded 20-node graph example comes
from the same graph in Fig. 2c.

Mapping a graph onto GBS device To encode a graph into the GBS device,
we map its adjacency matrix A onto the GBS device’s physical parameters using
the methodology established in ref. '#. This encoding is achieved via the Takagi-
Autonne decomposition, which factorizes any complex symmetric matrix. For a
real, symmetric adjacency matrix A, the decomposition is:

A = Udiag(\1, A2, ., A )UT. (1)

Here U is the target unitary matrix for the GBS device, and \; determines
the squeezing parameter r; via the relation tanh(r;) = A,. In practice, to keep
the total mean photon number 7o within a physically achievable range, we scale
the As by a factor ¢ such that

@

After this encoding, the probability of detecting a specific output Fock state
S = (s1, 82, ..., Sm ) from the GBS device is given by

o cF \Haf(As)\Q'

s1l...8m!

Pr(S) = 3

Here k = > ; 84, and po refers to the vacuum probability. Ay is the sub-
matrix of the adjacency matrix A. It is constructed by repeating the ith row and
column of A exactly s; times. When s; € {0, 1}, the submatrix A is precisely
the adjacency matrix of the subgraph induced by the nodes where photons were
detected. This directly links the GBS output probability to the Hafnian of a sub-
graph’s adjacency matrix, forming the foundation for solving graph problems
with GBS.

For isomorphic subgraph matching, if the pattern graph has an odd number

of nodes or the Hafnian of its adjacency matrix is zero, a common approach is
to introduce auxiliary nodes in both the pattern and target graphs. The auxiliary
nodes are connected to all existing nodes within their respective graphs, thereby
enabling the application of the aforementioned mapping method for sampling.
During post-processing, only subgraphs that include all auxiliary nodes are con-
sidered as candidates.
Numerical simulation via DeepQuantum All numerical simulations were
conducted using DeepQuantum, an open-source software platform built on Py-
Torch 2*. The framework’s robust support for photonic quantum computing,
combined with its native integration with classical deep learning workflows,
makes it particularly well-suited for our study. For the specific task of fitting
the target unitary matrix, we utilized its QumodeCircuit class to construct,
simulate the TDM circuit, and optimize its parameters. The optimization algo-
rithm proceeds through the following steps:

1. Circuit Construction: A TDM circuit is constructed based on the hybrid
architecture shown in Fig. 3c, configured with 1-4 physical modes.

2. Circuit Unrolling: For a given number of timesteps, the iterative TDM
circuit is computationally "unrolled" into its equivalent global spatial circuit us-
ing the global_circuit method. The modes in this expanded circuit com-
prise both the physical modes and the auxiliary modes representing the delay
loops.

3. Submatrix Extraction: The unitary matrix of the global circuit is then
computed. From this, we extract the submatrix Ug,}, that describes the transfor-
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Figure 5 | The robustness of fidelity against optical loss for TDM and spatial Clements architectures. a—c, Fidelity of fitted unitary matrices as a function of
transmittance for matrix sizes of 36 x 36 (a), 64 x 64 (b), and 100 x 100 (c). The decrease in transmittance corresponds to increasing optical loss. In all panels,
the dark blue curves represent the results of the TDM architecture, simulated with 6 modes in a, 8 modes in b, and 10 modes in ¢. The green curves represent the
results of the spatial Clements architecture, simulated with 36 modes in a, 64 modes in b, and 100 modes in c.

mation exclusively on the physical modes by discarding the rows and columns
associated with the delay-loop modes.

4. Optimal Window Identification: To find the optimal embedding of the
target N X N unitary U, we employ a sliding window approach. Considering
the time-translation symmetry in TDM circuits, all non-redundant N X N con-
tiguous sub-blocks within Ugy1, are scanned. Then, the one yielding the highest
initial fidelity with U is selected as the candidate matrix Uy, for optimization.

5. Optimization and Parameter Search: The circuit parameters are opti-
mized to maximize fidelity. We utilize the Adam optimizer with a learning rate
of 0.08. To thoroughly explore the parameter space and avoid local minima, an
extensive search is performed for each timestep configuration. We perform 8
rounds of batched optimization with a batch size of 80 over 350 epochs, where
each batch concurrently evaluates a distinct set of randomly initialized circuit
parameters through parallelized gradient descent. The loss function for each
round is defined to maximize the fidelity:

80
Loss = —ZFi, “
i=1
Te(UY - UL
Fi — | I‘( f1t)|. (5)

N

Here Tr denotes the trace of a matrix. U represents the Hermitian conju-
gate of the target N X N unitary matrix U, and U}it represents the best fitted
matrix. The operation | - | takes the magnitude of the complex value.

After completing all 8-round optimizations, the highest fidelity observed
across all 640 optimization instances (8 rounds X 80 configurations per round)
is recorded as the final result for that specific timestep.

The GBS simulation algorithm consists of the following steps:

1. Circuit Construction: Construct the GBS circuit using the GBS_Graph
class by setting the input adjacency matrix, photon-number cutoff, and total
mean photon number.

2. Full Probability Distribution Calculation: Evolve the circuit and ob-
tain the probability distribution over all possible output Fock states s =
(s1, 82, ..., Sm ) within the given photon-number cutoff.

3. Post-Selection for Fixed-Size Subgraphs: Filter the full probability distri-
bution to isolate outcomes corresponding to subgraphs of the specified size k by
selecting all states with s; € {0, 1} that have a total photon number of exactly
k. The result is the desired probability distribution over all k-node subgraphs.
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